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ON THE SOLVABILITY OF TIME
CONFORMABLE FRACTIONAL EQUATION
SET ON SINGULAR DOMAIN OF RN+!
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Abstract In this paper, we investigate the solvability of time conformable
fractional equation set in a singular cylindrical domain in R¥*!. Some reg-
ularity results are obtained for the classical solutions by using the Dunford
operational calculus
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1. Introduction and motivation
First, let II be the cylindrical defined by
I =[0,1] x Q(t),

where 2 (¢) is the singular domain given by
Q) = {(ml,mg, ay) ERN a2 4+ 23 <o (t)} .

Here ¢ is the functions of parametrization satisfying

and
e(t)>0,te€]0,1].

In the cylindrical domain II, we consider the following linear conformable fractional
differential equation

N
Dyu(t,a) + 3 D2ult,r) = h(t,a), a € (0,1], meN,  (L1)
j=1
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where = (21,9, ..,2y) denotes a generic point of RY and D¢ is the standard
conformable time fractional derivative of order a in the sense stated in [1] and [10].
Recall here that for a given function f the conformable time fractional derivative
of order ais defined by

1—a) _
Def (1) = tig LD IO

For more information, we refer the reader to [3], [11], [12]. Furthermore, the rela-
tionship with the classic derivative is given by the following useful relation

DY f =t1"Dyf. (1.2)

The conformable fractional derivatives can be viewed in some sense as an extension
of the classical one and it is important to note here that this type of derivatives
satisfies all concepts of ordinary calculus such as: product, quotient and chain rules,
Rolle theorem and mean value theorem. Furthermore, the fractional conformable
derivatives are used to better understand some physical and engineering systems.
To be more precise, using the conformable derivatives calculus, an alternative rep-
resentation of the diffusion equation is given to improve the modeling of anomalous
diffusion and also to develop the Swartzendruber model for description of non-
Darcian flow in porous media [13]. Before finishing, we just note that this work is
motivated by the fact that there is a few results devoted to the study of conformable
fractional boundary problems set on non smooth domains. The method of investi-
gation, is inspired from [4], [5], [9] in where some concrete evolution problems were
treated using an abstract point of view. This abstract approach is based essentially
on the use of the well known Dunford’s operational calculus combined with the
techniques used in [2], [6], [7] and [8]. In this work, the right hand side f of (1.1) is
a taken in

c?([0,1];C(Q),0< 6 < 1,

denoting the space of the bounded and #-Hoélder continuous functions endowed with
the norm

1f(@") = f(@)ll oo
U ) = max |f(x)|+ sup .
lllongoeimy = max | @)+ swp S

We suppose also that (1.1) is associated with the following initial and boundary
conditions

ulroy0 =0, ulg1y 00 =0, (1.3)
i 17x00 =0, (1.4)

where D (1,¢ (1)) is the disk of radius ¢ (1) centered at (1,0). Our strategy is based
on the approximation of the singular domain II by a sequences of domains given by

I, = [tn, 1] X Q(t),
where (t,,),,cy s a decreasing sequence of real numbers such

lim ¢, =0.
n—-+oo

Putting
Uy, = u|Hn )
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Consequently, the solution u of Problem (1.1) will be approached by the solutions
Uy, of

N
Duy, (t,z) — > 8%:"11” (t,x) = f(t,x), (t,x)€Il,, (1.5)
j=1
subject to
ulgy 10 =0, Ul 0 =0, (1.6)
uly, 1yxo0 =0- (1.7)

2. Results for approached problem (1.5)—(1.6)-(1.7)

We start with he abstract setting of the approached problem (1.5)-(1.7). For this
reason, we consider the following change of variables

T:1I, — Qn,
(t,$1,$27$3) — (t,fl,..,fN) = (t, —_—, ... > s

where
Qn = [tnal] X Da

D:=D(0,1) = {g = (&, En) ERY 1/ + .+ €3 < 1}. (2.2)

Now, we introduce the following change of functions

here

Un, (t,.]?l, ..,.’L‘N) = Un (tagh "7§N)’

and (2.3)

h(f,$1,..71‘]\7) :g(t>§17--a§N)-

In the sequel, to make the notation less cluttered, we denote also by & = (&1, ..,&N)
a generic point of RY. Keeping in mind properties (1.2), the new version of (1.5) is
given by

£ Dy (£,6) - ZD W (1) ——fzww (16) = F(1.) (24)

or
Dyvy, (t,€) — L (t,€,De;) vn (£,€) = f (£,€), tn <t <1,
with

L(t,¢ De,) = Z DE" +@ (1) 3 & De;. (2.5)
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Here
_ 1 a—1
(t) LA
(2.6)
_ (1)
and
f=t>"1g.

Next, we give the following results describing the effect of the inverse change of
variables.

Lemma 2.1. Let 0 < 6 < 1. Then
1. he C?([0,1];C(Q)) = g € C?([0,1];C (D))
2. g€ C?([0,1];C (D)) = h € CY([0,1];C (Q)) where

Ch([0,11:¢/(@) = {ne ¢ (10,11;0() : () h e ([0,1]:C (@) }.

Proof. See Proposition 3.1 in [5]. O
We have also the following results concerning the smoothness of coefficients of
our elliptic operator L given by (2.5).

Lemma 2.2. Let U (.) and ®(.) be the real valued functions given by (2.6). Then,

[tn:1]),
[tn,1]), 0 < 6 < 1.

1. W () and ®(.) are in C*(
2. W () and ®(.) are in C%(

To establish the abstract version of our problem, we consider the following
vector-valued functions:

Up @ [tn, 1] = E5 t — un(t); vn(t)(€) = v, (8,€),
friltn, 1) = Es t— f(); f(O(E) = [(5E),
where E = C'(2) and the abstract version of it is given by
v () + A () v () = f(E), £ = b, (2.7)
under
Un (tn) = 0,v,(1) =0 (2.8)

and (A (1)), <;<r is afamily of closed linear operators with domains D(A(t)) (which
are not dense) defined by

D(A(t)) = {w € WE™P(Q)NC(Q), p>2,meN*: L (& De)we C(Q)} ,

(A®)w (&) ==L (t,& De,;) w(E).
(2.9)
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Without loss of generality, consider the following natural change of function
w(t) = v,(t +t,) and g(t) = f(t + tn);

Then, we are concerned with following problem

w' (t)+ A w(t)=g(t),tel01], (2.10)
under
w(0)=0,w(1)=0 (2.11)

The spectral properties of the family of operators (2.9) are summarized in the
following proposition

Proposition 2.1. 1. A(t) is a family of a closed non densely defined operator
satisfying the Krein-ellipticity property, that is:

P(A(t) Dy ={r € C\{w} /vy < Jarg(A —w)| <2m —wvo}  (2.12)
(here p (A (t)) is the resolvent set of A(t)) and

sup H()\—w) (A (¢) —)\I)_1HL(E) < 400, (2.13)
)\EEW,UU
for some given w € R and vy € ]0,7/2][.
2. There exists C' > 0 such that

C
~1
VA= 0,VE>0 H(A(t)*AI) ||L(E)< 1

Y (2.14)

3. The operator-valued functiont — (A(t)—AI)~! defined on [0,1] is in C*([0,1]; L(E))

we suppose that there exists C' > 0 such that

YA >0,V >0 Ha(A (t) — M)~ < L, (2.15)
ot e 1A
and there exists K > 0 such that for allt >7 >0 :
6 1 8 —1 K |t - 7—|9
—(A@) =) — —(A(r) = AI _ 2.16
o0 gue 7| < e
Proof. See Proposition 7.10 and Proposition 7.11 in [2]. O

Our purpose is to establish some results for Problem (2.7). Recall here that a
strict solution is a function w,, such that function v such that for every ¢t > ¢,

w e Cl([oa 1] 7E) N C([O> 1[7D(A (t))),

furthermore v satisfies conditions (2.8).

The techniques used here are essentially based on the Dunford functional calculus
and the methods applied in [2]. We know that if A,(t) is a constant operator
satisfying (2.14), the representation of the solution w,, is given by the formula

t s— 2
-1
2171'// smh)‘ (A= XI)""g(s)ds dr
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167)\t s+ 1
A,)\]— ds d.
2m// . )~ g(s)ds
t

Here I' is the boundary of X, ,,, oriented from ooet™0 to coe™ ™0, Keeping in mind
the constant case, we look for a solution of Problem (2.10)-(2.11) in the following
form :

—)\ t— s——
(A@) =)' g*
o / / Cnr - AO AN

7/\t s+ 1
Atf)\17 *(s)ds d\
2m// rr - O s

where g* is an unknown function to be determined in some adequate space in
order to obtain a strict solution w. The following results describe some interesting
properties of the vector valued function w.

Proposition 2.2. Suppose that g* € C?([0,1],E), 0 < 6 < 1. Then, under As-
sumptions (2.14)-(2.15)-(2.16), we have for allt € [0,1] :

w(.) € C([0,1]; D(A ().

Proof. It suffices to show that the integral

2 / / smhs;i A(t) (A(t) = M) ™" g*(s)ds dA

t s+
~ 2ir / / aany A0 - )~ g" (s)ds d, (2.17)

= Il +127

converges. The two integrals are treated in the same way. Then, we focus on the
first one . We write

g (s) =g"(s) —g*(t) + g" (1),
this implies that
I = A1 + Ay,

with

7)\ t— 57—
2m// A (A () = AN (57(5) = 97 (1) ds A,

smh "~ ginh?2

and

 2m // A(t) (A(t) = M) " g*(t)ds dA.

smh " sinh2
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Then,

t
1 1
Al < o [ sy | [ e ™D |la@ @@ -an —1)fds | |dA
200 < 5 gy | YA -7 s-0'ds | o
0

t
e—Re%e—Re)\(t—s—i-i) )
< _
_c/r/ A | (s 0)ds | Jx
0
1
7Re% 7Re)\(tfs+%)
gc/ / S S| (s =1)0ds | |d)|
T (l_e <&>)

<1 —e Ztan(

e
Re\’

For the second quantity, one has

[A2]| g
smh " ginh?2

<5 /

o 1

— 2/ (/eRegeReA(ter;) ds) |d)
(16 zm,(gﬂzl)> r\y

C
< —.
~ Re)

IN

7)\ t— 57—

f)\I’lu “(O) - ds dX
AW -7, el ds

IN

O

Proposition 2.3. Suppose that g* € C?([0,1], E), 6 €]0,1[. Then, under Assump-

tions (2.14), we have :
w(.) € C([0,1]; E).

Proof. Let 0 <7 <t <1. We have

w(t) —w(r) = II; + Iy + 3,

where

7)\tsf—
(A(t) = N) "' g*(s)ds d
2W// G O (s

—>\ ‘r €+
—1
o / / s (A AT s
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1
//6 — (A(t) = A1) g*(s)ds dX
— S)as
 2im T smhf g
t

. e—>\(T—S+%)

(A(1) = AI) "' g*(s)ds dA

o [t
2T sinh %

and

; A (r) = M) g (s)ds dA
2z7r// sinh §

7)\ t— sf—
—1 %
227T// RS (A(t) = AI)" " g*(s)ds dX,

The proof is very technical and the calculus are very cumbersome, we just treat the

quantity II;. We write

—o // _;;hi 2 (A(t) =AD" g*(s)ds dA
e~ Mr—s-1)
2’L7T / / smh A (A - )\I)il g (s)ds dX
o~ Mr—s—1)
. / / g A0~ )~ g (s)ds dA

—>\ 7' 9+
— I -1 «
227T// smhf A(1) = AI)" g*(s)ds dA,

then,
_,\ t— s—— 6_,\(7_8_%) i
~2im / / sinh B sinh 3 (At)—AI) " g*(s)ds dA
7)\ ‘r s— 2
2w / / sinh (A (t) =AD" = (A(7) — )\I)il) g*(s)ds d,
then
th= _ﬁ pﬁ (/ (=) e r=d)) (4 —)\I)_lg*(s)ds) dx

! ! (/te—A( =8 (A0 =AD" (A() - AD ) g*(s)d) s d\

2im r Sinh%
p
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=11y + Io.
Taking into account the estimate (2.14), a direct computation show that
Ml < Cft =7l

For Tly5, since the operator-valued function t — (A(t) — AI)~t defined on [0,1] is
in C1([0,1]; L(E)), it follows then that

M|l < Cft =]

O
Following the same reasoning and techniques, we obtain

Proposition 2.4. Suppose that g* € C9([0,1], E), 6 €]0,1[. Then, under Assump-
tions (2.14)-(2.15)-(2.16), we have for allt >0 :

w'(.) € CL([0,1]; E).

Proposition 2.5. Suppose that g* € C?([0,1], E), 6 €]0,1[. Then, under Assump-
tions (2.14)-(2.15)-(2.16), the function w defined by (2.17) satisfying the following
equation given by

w'(t) = —At)w(t) +g"(t) — Ralg") (),

where

smh a3

—k t— s——
Rx(9")(t) = 5~ // 5 (A(t) — M) g(s)ds dA

t s‘+
% / / sinh % a1 ( (t) — AI) " g*(s)ds dA.

Proof. Using the same argument as in [5], set

7)\ t— sf—
C %um / / sinh 2 )‘ (A - )\I)*l g"(s)ds dA

7)\ t— s+ 71
2171_/ / Snh —_— (A (t) = A)" " g*(s)ds d\

Then, a direct computation show that

—)\t 5——
A _ I—l *
wl m// iy (A0 (s 0y

—At 5_,
8 - *
 %m / / sinh 5 "~ sinh2 Ot (A(t) = AD) ! g*(s)ds dA
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1 o A(t—t+e—1) L
-~ 2im slnT (A(t) = A~ g"(t — 2)dA
7)\ t— s+ .
2“1' / / sinh 2 )‘ (A (t) = AI)" " g*(s)ds dX
t+e
—)\ t— s—i— »

~ 2im / / Slnh Aot (A (t) = AI)"" g"(s)ds dA

e (A1) = A1) g7 (t =€)
2ir Jp  sinh$ g €

Now, the use of the following algebraic identity

A (A@) =AD" =1
)\ 7

(At) =AD" =
allows us to write w’ (t) as follows

w.(t) = Qe (1) + Qe2 (t) + Qe3 (t) + Qe pa (1),

where
—)\ t— s—— )
Qe (¢ 2171/ / T b} A(t) (A@) —AI) " g*(s)ds dA
—)\ t— s+
2” / / smhf At)(AQ) - )‘I)_l g"(s)ds dA
Y A() (A(t) = M) g (t — e)dA
Q2 (=5 | Sy AO UG- gt
—Ae—3
- g A(t) (A(t) = M)~ g*(t — e)dA
2 Jp )\smh%
Qe " 2im / / sinh ,\77 9 (A(t) — M) ™" g*(s)ds dA
7)\ t— 5+
—1 %
Qm/ / T sinh) t(A (t) = AI) " g"(s)ds dX
and
1 eiA(Ei%) * 1 67)\(776) *
Q)= 2@77/1“)\511111’2\ g (t—e)dA — o r Asinh 3 g (t —e)dA
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Lebesgue’s and Cauchy’s theorems give us

t 1 1 1
li He-— [ aq e o) et A(t) = M)~ g*(s)ds dr
E%Qs,l()**ﬂr (t) /smh;‘+/smh’2\ (A(t) = XI)" g*(s)ds
0 t

=—A(t)w(?),
and
1 e~ 2 — B
1 ¢ —— A()(A(t) = NI (O d\
li Qe (0= 5 [ S AW AW =M g0
1 ets B
—— | —— A@)(A({t) — A “(1)d\
2ir Jp Asinh 2 () (A(t) =A™ g™ (t)
— AW (AW g1
=g (¢).
and
t s— 2 B
th€3 QW// smh>‘ t(A(t)_)‘I) 9" (s)ds dA
—)\t 9+2 »
2“T// sinh % t( (t) = AI)" " g"(s)ds dA
and
i £ = 1 eiA(E*%) N O\ 1 7>\(*7E) t o
E%QEA()—%T/FWQ( €) -5 mg(_5) o

Summing up, we conclude that

w' () = lim w (1) = —A@Ow(t) +g7(t) + Ba(g7) (1),
where

t

R0 = 5= [ [ Sth; O (46~ A1) (5

0
7)\ t— s+ )
~ 2im / / sinh § Aot (A (t) = AI)" " g*(s)ds d\.

The natural question that arises, what is the relation between the vectorial
functions ¢* and g, the answer is given by the following theorem

Proposition 2.6. Suppose that g € L™ ([0,1]; E). Then, there exists w* € R*
such that for all X € p (A (.)) with |A| > |w*| , the equation

g(.) =9g"(-) — Ra(g")(),

admits a unique solution g* € L*° ([0,1]; E).
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Proof. The result is handled by proving that
g ()= (1R g(),
To do this, it suffices to show that
[|IRx]l < 1.

Using Assumption (2.15), it is easy to deduce that

1
IR Lo (0,11, = O (Re,\> ’

Now, choosing a suitable sufficiently large w*, we conclude that for any |A| > |w*|

IBAN Lo ((0,17:) < 1-

O
As a direct consequence of Assumption (2.16), we obtain the following result
describing the regularity of the operator Ry

Proposition 2.7. Suppose that g* € C?([0,1], E), 6 €]0,1[. Then, under Assump-
tions (2.16), one has
Ra(g*)() € ¢°([0,1], B).

Keeping in mind the key estimates (2.14)-(2.15) and (2.16), we are able to justify
our main results for our translated abstract Problem (2.10)-(2.11)

Theorem 2.1. Suppose that g* € C°([0,1], E), 6 €]0,1[. Then, there exists w* €
R* such that for all X € p (A (t)) with |\| > |w*| , the the function

—A t— s——
1 %
=5 // RS (A(t) = AI)" " g*(s)ds dA

7At s+ 1
Atf)\f_ *(s)ds d\
2m// iy A0 0

is the unique strict solution of Problem Problem (2.10)-(2.11) satisfying
w(t), A(w(t) € C°([0,1], E).

Remark 2.1. Using the estimates (2.16), We easily deduce the existence of C' > 0
such that

< . .
Jnax lw(t) < C| (2.18)

At this level, we can conclude that our Problem (2.7)-(2.8) has a unique strict
solution of is given by
() = w(t —ty,).
Furthermore, thanks to (2.18), we can extract a convergent subsequence
U, (£) = w (t — ty,)
where
(tn,) — 0.

Then, after a passage to the limit, we deduce the following important result
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Theorem 2.2. Suppose that f € C?([0,1],E), 6 €]0,1[. Then, Problem Problem

ol (t) + A () v, (1) = f(t), t€[0,1], (2.19)

v, (0) =0,v,(1) =0 (2.20)
has a unique strict solution satisfying
v(t), Altyo(t) € C°([0,1], B).

Since Problem (2.19)-(2.20) can be viewed as the abstract version of our original
problem (1.1)-(1.3)-(1.4). Then, our main result for this problem is as follows

Theorem 2.3. Let h € C%([0,1];C(Q)), 0 < 6 < 1. Then, Problem (1.1)-(1.3)-
(1.4) has a unique strict solution u € C*(II). Moreover, u satisfies the following
maximal reqularity propriety

Dpu(t,z) € Cf ([0,1]5C (),

and

Jz\e D2 (t,x) € C’f, ([0,1];C (£2)) .
j=1

References

[1] T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. Math.,
279, 2015, 57-66.

[2] P. Acquistapace, B. Terreni, Some Existence and Regularity Results for Ab-
stract mon-Autonomous Parabolic Equations, Journal of Math. Anal. Appli,
Vol. 99, No 1, 1984, 9-64.

[3] M. Bataineh, M. Alaroud, S. Al-Omari, P. Agarwal, Series Representations
for Uncertain Fractional IVPs in the Fuzzy Conformable Fractional Sense. En-
tropy, 2021, 23, 1646.

[4] B. Chaouchi, M. Kosti¢, D. Velinov, Periodic solutions for a higher-order
parabolic equation set on a singular domain in RN*! Math. Commun. 27,
No. 2, 2022, 241-255.

[5] B. Chaouchi, M. Kostié; On the study of the wave equation set on a singular
cylindrical domain, Publ. Inst. Math., Nouv. Sér., 112(126), 2022, 13-22.

[6] B. Chaouchi, M. Kosti¢; An abstract approach for the study of the Dirichlet
problem for an elliptic system on a conical domain, Mat. Vesn. 73, No. 2, 2021,
131-140.

[7] B. Chaouchi, M. Kosti¢, An Efficient Abstract Method For the Study of An
Initial Boundary Value Problem on Singular Domain, Afr. Mat. 30, No. 3-4,
2019, 551-562.

[8] B. Chaouchi, M. Kosti¢, On the study of an initial value problem for a second
order differential equation set in a singular cylindrical domain, Sarajevo J.
Math. 15(28), No. 1, 2019, 67-79.



On the solvability of time conformable fractional equation 115

[9]
[10]
[11]

[12]

[13]

B. Chaouchi, F. Boutaous, An Abstract Approach For the Study of An Elliptic
Problem in a Nonsmooth Cylinder, Arab. J. Math. 3, No.3, 2014, 325-340.

R. Khalil et al, A new definition of fractional derivative, Journal of Computa-
tional and Applied Mathematics, 264, 2014, 65-70.

S. Sitho, S.K. Ntouyas, P. Agarwal, et al. Noninstantaneous impulsive inequal-
ities via conformable fractional calculus. J. Inequal. Appl., 2018, 261.

L. Shi, S. Tayebi, O. Abu Arqub, M.S. Osman, P. Agarwal, W. M. Mah-
moud Abdel-Aty, M. Alhodaly, The novel cubic B-spline method for fractional
Painlevé and Bagley-Trovik equations in the Caputo, Caputo-Fabrizio, and con-

formable fractional sense, Alexandria Engineering Journal,Volume 65, 2023,
413-426.

S. Yang, L. Wang, S. Zhang, Conformable derivative: Application to non-
Darcian flow in low-permeability porous media, Appl. Math. Letters, 79, 2018,
105-110.



	Introduction and motivation
	Results for approached problem (1.5)–(1.6)-(1.7)

